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We prove that the open unit ball of any von Neumann algebra A is contained in the se-
quentially convex hull of UA , the set of unitary elements of A. Therefore the closed unit
ball of A coincides with the closed convex hull of UA . In the complex case this state-
ment is actually valid for any unital C∗-algebra (it is the well-known Russo–Dye Theorem).
However, for real scalars, the results we are presenting provide new information even for
the algebra L(H) of bounded linear operators from an inﬁnite-dimensional Hilbert space H
into itself. Let us say in this sense that the possibility of rebuilding the unit ball of L(H)
through the closed convex hull of the unitary elements appears in the literature as an open
problem. We also obtain some results about the extremal structure of these spaces.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
It is widely known that every compact convex subset of Rn coincides with the convex hull of its extreme points. This
classical result was proved (for n = 3) by Minkowski in the ﬁrst decade of the last century (see [13]). It is clearly valid in
any ﬁnite-dimensional Hausdorff topological vector space. In particular, the closed unit ball of a ﬁnite-dimensional normed
space can be reconstructed by means of convex combinations of extreme points.
Thirty years later, Krein and Milman obtained in [12] their famous and inﬂuential inﬁnite-dimensional version of
Minkowski’s Theorem. A result that is known today as follows: every compact convex subset of a Hausdorff locally con-
vex space is the closed convex hull of its extreme points.
The hypothesis of compactness is essential. In fact, the theorem is not valid for bounded closed convex sets. Notice, for
example, that the closed unit ball of c0 and L1[0,1] have no extreme points.
However, there are important classes of Banach spaces whose unit ball has a rich extremal structure. Of course, this is
the case of the strictly convex spaces, but also of certain spaces of continuous functions and operators. Indeed, the closed
unit ball of C(K ), the algebra of complex continuous functions deﬁned in a compact Hausdorff space K is the closed convex
hull of its extreme points. This result was obtained by Phelps in [15]. For such an algebra extreme points and unitary
elements are exactly the same. Later, Russo and Dye proved in [19] that the group of unitary elements of any (complex)
unital C∗-algebra also satisﬁes the equality discovered by Phelps in the special case of C(K ). The Russo–Dye Theorem has
become a true classic in the theory of C∗-algebras. More accurate versions of this theorem have been provided by Harris
[8], Robertson [17], Popa [16], Gardner [5], Kadison and Pedersen [11], among others. As a result, one has in particular that
every element in a C∗-algebra A with norm less than one is the average of a ﬁnite number of unitary operators from A.
Closely related to the Russo–Dye Theorem and its subsequent reﬁnements, the theory of unitary rank in C∗-algebras
came in the eighties (see [11,14] and [18]). The purpose was to analyze the length of convex combinations representing
operators in the unit ball by means of unitaries.
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element a ∈ A is said to be unitary if it is invertible and ‖a‖ = ‖a−1‖ = 1. In this context, the algebra A is called unitary
if the convex hull of its unitary elements is dense in the unit ball of A. The Russo–Dye Theorem shows that any (complex
and unital) C∗-algebra is unitary. The concept of unitary algebra appears explicitly in [7], where Hansen and Kadison deeply
analyze its proximity to the C∗-algebra one. In particular, the existence of a unitary algebra which is not isomorphic (even
algebraically) to a C∗-algebra is shown in this reference. Unitary Banach algebras had also been considered by Cowie under
the name of convex-transitive Banach algebras [4]. For more details about unitary Banach algebras see [3] and references
therein.
According to previous comments, the algebra L(H) of linear and bounded operators on a complex Hilbert space H is
unitary. However, the validity of that claim in the real case is, until now, an open problem that appears explicitly in [3].
This question will be resolved in the next section. Indeed, we will prove that any real von Neumann algebra is unitary. Even
a little more than this will be established for such an algebra. Namely, its open unit ball is contained in the sequentially
convex hull of the unitary elements.
Obviously this gives an aﬃrmative answer to the third problem posed in [3] about the existence of an inﬁnite-
dimensional real Banach space X such that L(X) is unitary.
Let us indicate that our results allow to describe immediately the extreme points of the unit ball of any real or complex
von Neumann algebra.
Extreme operators on real Hilbert spaces were identiﬁed by Grzaslewicz in [6]. As in the complex case, given two
real Hilbert spaces H1 and H2, isometries and co-isometries proved to be the only extreme points of the unit ball of
L(H1, H2), the space of linear and bounded operators from H1 to H2. We apply our results to this context and obtain
more information. Speciﬁcally, we see that each operator of norm less than or equal to one can be expressed as an inﬁnite
convex combination of isometries or as an inﬁnite convex combination of co-isometries. The above-mentioned description
of extreme contractions in L(H1, H2) is an immediate consequence. It is worth pointing out that the proofs are substantially
shorter than those in [6]. We also note that the convex combination representing an operator T of the unit ball of L(H1, H2)
can be chosen with ﬁnite length if ‖T‖ < 1.
The concept mentioned below was introduced by Aron and Lohman in [1].
A Banach space X is said to have the λ-property if each member x of the unit ball is a convex combination of an extreme
point e of the unit ball and a vector y where ‖y‖ 1 and e is assigned a positive weight. This property can be reformulated
by saying that every element of the unit ball of X coincides with the sum of an inﬁnite convex series of extreme points (see
[2]). One of the problems of most interest to the authors of [1] is to clarify what spaces of operators satisfy the λ-property
(see Question 1 in the cited reference).
We remark that our results provide a new answer to this problem. The operator space L(H1, H2) and every real von
Neumann algebra have the λ-property.
Finally we introduce the notation to be used in the remainder of this note.
As usual, BX stands for the closed unit ball of a Banach space X . The set (eventually empty) of extreme points of BX
will be represented by EX . Given two Banach spaces X and Y , L(X, Y ) (L(X) if X = Y ) will be the space of bounded linear
operators from X into Y . If A ⊂ X , the convex hull and the closed convex hull of A will be denoted by co(A) and co(A)
respectively. In addition, If A ⊂ BX , sco(A) is the sequentially convex hull of A:
sco(A) =
{ ∞∑
n=1
λnan: λn ∈ [0,1], an ∈ A, ∀n ∈ N,
∞∑
n=1
λn = 1
}
.
In order to present a remarkable subset of sco(A) we deﬁne
P(1/2) =
{
1
2k
: k ∈ Z, k 0
}
.
The dyadic hull of A is the set given as follows
dh(A) =
{ ∞∑
n=1
λnan ∈ sco(A): λn ∈ P(1/2), ∀n ∈ N
}
.
2. Main results
Consider a real (or complex) Hilbert space H and let I be the unit of the algebra L(H). In this section A will denote a
nontrivial weakly closed self-adjoint subalgebra of L(H). Without loss of generality we assume that I ∈ A. The symbol UA
will denote the group of unitary elements of A. We write U in place of UA if A = L(H).
It is well known that every normal operator T ∈ A admits the representation T = U |T |, where U is a unitary element of
A commuting with T and T ∗ . Indeed, if T = V |T | is the polar decomposition of T , it suﬃces to consider U = V + I − V ∗V .
For an arbitrary operator T ∈ A there is a maximal partial isometry U ∈ A satisfying the same equality.
We start with several small steps of some intrinsic interest.
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‖S‖ 1, and T = 12 (U + S).
Proof. Let U ∈ A be a unitary operator commuting with T and T ∗ such that T = U |T |. Deﬁne S = 2T − U and note that
S is also normal. Moreover,
‖S‖ = ∥∥U(2|T | − I)∥∥ ∥∥2|T | − I∥∥ 1. 
The next result is obtained by applying successively the previous lemma.
Proposition 2. Given a normal operator T ∈ A, with ‖T‖ 1, there is a sequence {Un} of unitary operators of A such that
T =
∞∑
n=1
1
2n
Un.
The hypothesis of normality of T can be removed under fairly general conditions. Now we study this possibility.
Lemma 3. Consider U , S ∈ A and assume that U is unitary and ‖S‖ < 1. Then there exists a sequence {Un} of unitary elements of A
such that U+S2 =
∑∞
n=1 12n Un.
Proof. Since U + S is invertible, there exists a unitary operator V ∈ A such that U + S = V |U + S|. Now it suﬃces to apply
the above proposition to the operator |U+S|2 . 
In the following result we replace the operator U by an arbitrary element of the set sco(UA).
Lemma 4. Let T ∈ sco(UA) and S ∈ A with ‖S‖ < 1. Then 12 (T + S) ∈ sco(UA). If T ∈ dh(A) the same happens with 12 (T + S).
Proof. By hypothesis there is a sequence {Un} of unitary operators of A and a sequence {λn} in [0,1] such that T =∑∞
n=1 λnUn . On the other hand, according to the above lemma, for each n ∈ N, there is a sequence {U (n, j)}∞j=1 of unitary
operators of A such that Un+S2 =
∑∞
j=1 12 j U (n, j) . Consequently,
1
2
(T + S) = 1
2
( ∞∑
n=1
λnUn +
∞∑
n=1
λn S
)
=
∞∑
n=1
λn
Un + S
2
=
∞∑
n=1
λn
∞∑
j=1
1
2 j
U (n, j) =
∞∑
k=1
βφ(k)Uφ(k)
where φ : N → N×N is any bijective function and β(n, j) = λn 12 j , for every (n, j) in N×N. The ﬁrst statement of this lemma
is now clear taking into account that
∑∞
k=1 λφ(k) =
∑∞
n=1 λn
∑∞
j=1 12 j = 1. Finally, if n ∈ N and λn ∈ P(1/2), it is plain that
β(n, j) ∈ P(1/2) for all j ∈ N. This concludes the proof. 
The above facts allow us to prove with surprising ease the main result of this note.
Theorem 5. The open unit ball of A is contained in the dyadic hull of the set of unitary operators. In particular,{
T ∈ A: ‖T‖ < 1}⊂ sco(UA).
Proof. Given a natural number n, deﬁne Bn = {T ∈ A: ‖T‖ < 1 − 12n }. Evidently, it all comes down to proving that Bn ⊂
dh(UA), for all n ∈ N.
For this purpose, consider an operator T ∈ B1 and put S = 4T−I3 . Clearly ‖S‖ < 1 and by Lemmas 3 and 4 we obtain that
T = I + 3S
4
=
I+S
2 + S
2
∈ dh(UA).
Hence, B1 ⊂ dh(UA). Now select a natural number n and assume that Bn is contained in dh(UA). Given T ∈ Bn+1, deﬁne
α = 2
n+1‖T‖ − 1
n+1 and β =
2n+1‖T‖ + 1
n+1 .2 ‖T‖ 2 ‖T‖
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‖αT‖ = |2
n+1‖T‖ − 1|
2n+1
=
∣∣∣∣‖T‖ − 12n+1
∣∣∣∣< 1− 12n .
This shows that αT ∈ Bn and, in particular, αT ∈ dh(UA). On the other hand,
‖βT‖ = 2
n+1‖T‖ + 1
2n+1
= ‖T‖ + 1
2n+1
< 1.
Finally, the above lemma ensures that T ∈ dh(UA). 
We now formulate explicitly an immediate consequence of Theorem 5.
Corollary 6. Every real (or complex) von Neumann algebra is unitary.
In particular L(H) is a unitary Banach algebra for every real or complex Hilbert space H . This answers positively Ques-
tions P1 and P3 from [3].
Another direct consequence of Theorem 5 can be stated as follows:
Corollary 7. Let T ∈ A and select a real number ρ > ‖T‖. Then there are a sequence {ρn} of non-negative real numbers, with∑∞
n=1 ρn = ρ , and a sequence {Un} of unitary elements of A such that
T =
∞∑
n=1
ρnUn.
In particular, A is the closure of the linear span of its unitary elements.
It is not diﬃcult to prove that every maximal partial isometry in a von Neumann algebra is an extreme point of its
closed unit ball. The converse of this statement also turns out to be true. In fact, an element e of a unital C∗-algebra A is
an extreme point of BA if and only if(
I − ee∗)A(I − e∗e)= {0}.
This result is due to Kadison (see [10]) in the complex case. The extension to the real one has been obtained by Isidro and
Rodríguez (see [9]).
Proposition 2 gives us also the description of the extreme points of the closed unit ball of every von Neumann algebra
but, more importantly, it ensures the possibility to express each element with norm less than or equal to one as the sum
of an inﬁnite convex series of extreme points. Namely, if T ∈ BA and W is a maximal partial isometry in A such that
T = W |T |, we apply Proposition 2 to deduce the existence of a sequence {Wn} of maximal partial isometries such that
T =∑∞n=1 12n Wn . Consequently we have the following result:
Theorem 8. The closed unit ball of every von Neumann algebra A coincides with the sequentially convex hull of the maximal partial
isometries. Accordingly EA is the set of maximal partial isometries and A satisﬁes the Aron–Lohman λ-property.
Now let H1 and H2 be Hilbert spaces and consider an operator T ∈ L(H1, H2), with ‖T‖ 1. If P ∈ L(H1) denotes the
positive square root of T ∗T , there is a maximal partial isometry W : H1 → H2 such that T = W P . Since ‖P‖  1 (in fact
‖Px‖ = ‖T x‖, for every x ∈ H1), we can apply Proposition 2 to the operator P . It is so clear that T =∑∞n=1 12n Wn , where
Wn is an isometry for each n ∈ N or Wn is a co-isometry for all n ∈ N. We thus have the following result:
Theorem 9. Every operator T in the closed unit ball of L(H1, H2) can be expressed as an inﬁnite convex combination of isometries or
as an inﬁnite convex combination of co-isometries.
This last theorem contains in particular the already known description of the extreme operators of L(H1, H2). Such
operators are exactly the isometries and co-isometries from H1 into H2. R. Grzaslewicz had gotten this description in [6]
but Theorem 9 cannot be deduced from results by the mentioned author.
We further note that our last two theorems provide new information about Question 1 from [1]: the operator space
L(H1, H2) and every von Neumann algebra satisfy the property introduced in this reference.
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As usual, let l∞ be the algebra of bounded sequences of real numbers. It is clear that a ∈ l∞ is a unitary element if and
only if |a(n)| = 1, for every n ∈ N. Thus every (ﬁnite) convex combination of unitaries in l∞ is a ﬁnitely valued sequence.
In particular, the open unit ball of l∞ is not contained in the convex hull of the set of unitary elements. Consequently, for
general real von Neumann algebras, the set sco(UA) cannot be replaced by co(UA) in Theorem 5.
In this section we focus on the algebra L(H) to obtain an improved version of Theorem 5 in the suggested sense.
Lemma 10. Let X be a subspace of L(H) such that B X ⊂ co(U ∩ X). Assume that ρBX ⊂ co(U) for some ρ ∈ ]0,1[. Then,
{T ∈ X : ‖T‖ < 1} ⊂ co(U).
Proof. Let T ∈ X with 0 < ‖T‖ < 1 and consider an operator S ∈ co(U ∩ X) such that ‖ T‖T‖ − S‖ ρ 1−‖T‖‖T‖ . Then T−‖T‖S1−‖T‖ ∈
ρBX and evidently
T = ‖T‖S + (1− ‖T‖) T − ‖T‖S
1− ‖T‖ .
It follows that T ∈ co(U). 
As is the custom, each operator T ∈ L(H × H) will be represented in what follows by an operator matrix(
T11 T12
T21 T22
)
where Tij ∈ L(H) and obviously ‖Tij‖ ‖T‖, for all i, j ∈ {1,2}.
Lemma 11. Let A be an operator in the closed unit ball of L(H) such that A∗ = A or A∗ = −A. Suppose that T ∈ L(H × H) is one of
the following operators:(
A 0
0 0
)
,
(
0 A
0 0
)
,
(
0 0
A 0
)
or
(
0 0
0 A
)
.
Then T is the mean of four unitary operators.
Proof. If T = ( A 0
0 0
) and A∗ = A, consider B = √I − A2. Each of the following operators
U1 =
(
A B
−B A
)
, U2 =
(
A −B
B A
)
, U3 =
(
A B
B −A
)
and U4 =
(
A −B
−B −A
)
is unitary and T = 14 (U1 + U2 + U3 + U4). If A∗ = −A we obtain the same conclusion by deﬁning B =
√
I + A2 and
U1 =
(
A B
B A
)
, U2 =
(
A −B
−B A
)
, U3 =
(
A B
−B −A
)
, U4 =
(
A −B
B −A
)
.
The remaining cases can be reduced to the above by means of the next identities(
0 A
0 0
)
=
(
A 0
0 0
)(
0 I
I 0
)
,(
0 0
A 0
)
=
(
0 I
I 0
)(
A 0
0 0
)
,(
0 0
0 A
)
=
(
0 0
A 0
)(
0 I
I 0
)
. 
Lemma 12. Let T ∈ L(H) with ‖T‖ 18 . Then T ∈ co(U).
Proof. If H is ﬁnite-dimensional the extreme points of the closed unit ball of L(H) are exactly the unitary elements of
L(H). Thus, by Minkowski’s Theorem, it actually holds that the closed unit ball of L(H) coincides with the convex hull of
the unitary operators.
According to the preceding paragraph we assume that H is inﬁnite-dimensional. In consequence it is possible to identify
L(H) with L(H × H) and the hypotheses can be replaced by T ∈ L(H × H) (and ‖T‖ 1 ).8
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T =
(
T11 T12
T21 T22
)
.
Consider i, j ∈ {1,2}. In what follows Aij will stand for the self-adjoint operator Tij+T
∗
i j
2 whereas that Bij will be the skew-
symmetric operator
Tij−T ∗i j
2 . Therefore Tij = Aij + Bij and ‖Aij‖,‖Bij‖ 18 . Deﬁne also
A˜11 =
(
8A11 0
0 0
)
, A˜12 =
(
0 8A12
0 0
)
, A˜21 =
(
0 0
8A21 0
)
, A˜22 =
(
0 0
0 8A22
)
and, similarly, B˜ i j in terms of Bij . Evidently,
T = 1
8
( A˜11 + B˜11 + A˜12 + B˜12 + A˜21 + B˜21 + A˜22 + B˜22)
and, taking into account the above lemma, each of the operators A˜i j and B˜ i j can be expressed as the mean of four uni-
taries. 
Corollary 6, Lemma 10 and Lemma 12 provide us with the following result.
Theorem 13. Let H be a real (or complex) Hilbert space. Then{
T ∈ L(H): ‖T‖ < 1}⊂ co(U).
To conclude we highlight two immediate consequences of this last theorem.
Corollary 14. L(H) coincides with the linear span of the unitary operators.
Corollary 15. A linear mapping F from L(H) into a normed space is continuous if, and only if, F is bounded on the unitary elements
of L(H). In such a case,
‖F‖ = sup{∥∥F (U )∥∥: U ∈ U}.
Acknowledgment
The authors wish to express their gratitude to the referee for his valuable comments and suggestions.
References
[1] R.M. Aron, R.H. Lohman, A geometric function determined by extreme points in the unit ball of a normed space, Paciﬁc J. Math. 127 (1987) 209–231.
[2] R.M. Aron, R.H. Lohman, A. Suárez, Rotundity, the C.S.R.P. and the λ-property in Banach spaces, Proc. Amer. Math. Soc. 111 (1991) 151–155.
[3] J. Becerra, M. Burgos, A. Kaidi, A. Rodríguez, Banach spaces whose algebras of operators have a large group of unitary elements, Math. Proc. Cambridge
Philos. Soc. 144 (2008) 97–108.
[4] E.R. Cowie, Isometries in Banach algebras, PhD thesis, Swansea, 1981.
[5] L.T. Gardner, An elementary proof of the Russo–Dye theorem, Proc. Amer. Math. Soc. 90 (1984) 181.
[6] R. Grzaslewicz, Extreme contractions on real Hilbert spaces, Math. Ann. 261 (1982) 463–466.
[7] M.L. Hansen, R.V. Kadison, Banach algebras with unitary norms, Paciﬁc J. Math. 175 (1996) 535–552.
[8] L.A. Harris, Banach algebras with involution and Möbius transformations, J. Funct. Anal. 11 (1972) 1–16.
[9] J.M. Isidro, A. Rodríguez, On the deﬁnition of real W ∗-algebras, Proc. Amer. Math. Soc. 124 (1996) 3407–3410.
[10] R.V. Kadison, Isometries of operator algebras, Ann. of Math. 54 (1951) 325–338.
[11] R.V. Kadison, G.K. Pedersen, Means and convex combinations of unitary operators, Math. Scand. 57 (1985) 249–266.
[12] M. Krein, D. Milman, On extreme points of regular convex sets, Studia Math. 9 (1940) 133–138.
[13] H. Minkowski, Gesammelte Abhandlungen, vol. II, Leipzig, 1911, reprinted Chelsea Publishing Co., New York, 1967.
[14] C.L. Olsen, G.K. Pedersen, Convex combinations of unitary operators in von Neumann algebras, J. Funct. Anal. 66 (1986) 365–380.
[15] R.R. Phelps, Extreme points in function algebras, Duke Math. J. 32 (1965) 267–277.
[16] S. Popa, On the Russo–Dye theorem, Michigan Math. J. 28 (1981) 311–315.
[17] A.G. Robertson, A note on the unit ball in C∗-algebras, Bull. London Math. Soc. 6 (1974) 333–335.
[18] M. Rordam, Advances in the theory of unitary rank and regular approximation, Ann. of Math. 128 (1988) 153–172.
[19] B. Russo, H.A. Dye, A note on unitary operators in C∗-algebras, Duke Math. J. 33 (1966) 413–416.
